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In this paper we investigate a modal calculus of quantum metalogic which is
complete and sound with respect to a dialogic semantics. This calculus called
M 4 (Q.¢) has three parts: one covering the formal metalogic, one reflecting the
calculus of the object language, and one which is a link between object
language and metalanguage. This third part is invariant with respect to a
variation of the object language.

1. INTRODUCTION

In 1934 R. Carnap (1934) introduced the concept of necessity on the
level of a metalanguage. O. Becker (1952) and later on P. Lorenzen
(Lorenzen and Schwemmer, 1975) supplemented this idea using a “knowl-
edge” W by which one can define a proposition 4 as necessary iff it can be
deduced given any “knowledge” W. This approach uses a dialog semantics
referring to the conditions under which propositions can be proved. The
dialog semantics, first used to get an operational foundation of the calculus
of the object language (Mittelstaedt, 1978; Lorenzen and Schwemmer,
1975), is also useful on the level of the metalanguage (Mittelstaedt, 1979).
Furthermore a dialog semantics can be established for the modal
metapropositions, as will be shown further.

The object language we will consider for the present is the language
that must be used if one talks about quantum physical objects. The
corresponding calculus is the effective quantum logic Q. (Mittelstaedt,
1978, p. 96) extended by the “factual beginnings” 4, < B; which reflect the
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empirical laws of quantum theory (Mittelstaedt, 1979). The extended
calculus is denoted by Q¢/{. The restriction to the effective quantum logic
in the following sections is not really important because our results are
independent of the object language, as will be shown in Theorem 5.3,

An elementary proposition of our metalanguage is a statement “the
figure 4 < B is deducible in Q. ” denoted by |5—4 < B or ASB. By this
definition the elementary metapropositions are proof definite (cf. Mit-
telstaedt, 1978, p. 49). If WW<A is true A is said to be “necessary with
respect to W and we will write A, 4. Other modalities and their illustra-
tion in Hilbert space can be found in Mittelstaedt (1979). The proposition
W contains our knowledge of the physical system we are talking about, i.e.,
its preparation.

In Section 2 we build up compound metapropositions, e.g., KWZj(W
<A,,V<B,) at which 47 is a connection of the elementary metaproposi-
tions W4, and V<B; (i=1,...,r; j=1,...,5; r, s€N). The index j at the
A indicates that within 4/ there are only meta junctors 7\, V, = and the
metanegation 3 but no metaquantifiers. (The more general case includ-
ing quantifiers will not be considered here.) KWZJ'(WSA,., V<B) is
called a modal metaproposition; if such a metaproposition is true,
I will call /(W< A,, VSB;) a necessary metaproposition [then I will write
A’(AA,,}B;)] because the truth of 47 is independent of the special object
proposition W.

But first of all we have to introduce a semantics for our metalanguage
which gives us a concept of truth. This will be done in Sections 2 and 3 by
considering dialogs about metapropositions. In Section 4 a tableaux calcu-
lus is given which is complete and sound with respect to the dialog
semantics. In Section 5 we will consider other calculi M, and M (Qy)
that are proved to be complete and sound with respect to the tableaux
calculus and that allow us to deduce all necessary metapropositions.
M (Q.) will be called the “calculus of modal quantum metalogic.”

There are two remarkable results:

(1) The calculus M, ;(Q.;) consists of three parts: The first one
reflects the object language, the second one yields the formally true
metapropositions. The third one is a link between these two parts and is
called the modal part, which makes it possible to use the “knowledge” of
the object language on the level of the metalanguage; it is almost formally
equivalent to the simplest axiomatic modal system T (cf. Hughes and
Cresswell, 1968; Burghardt, 1979, p. 89).

(2) The modal part of M (Q.) is independent of the object lan-
guage, ie., using different object calculi K we get modal metacalculi
M (K) that are different only with respect to the part reflecting the object
language.
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2. THE MATERIAL AND THE SEMIFORMAL METADIALOG

The concept of a dialog can be introduced by frame rules (Stachow,
1978); furthermore some argument rules must be formulated in order to lay
down the possibilities of attack and defense for compound propositions.
The first argument rule, 4,(1), can be understood as a definition of the
connectives of the metalanguage (Mittelstaedt, 1979; Lorenz, 1968) (see
Table 1). By this rule a compound metaproposition can be reduced within
a dialog until an elementary metaproposition is reached. Then we need the
next argument rule, 4,(2) (see Table 2). An elementary metaproposition
A<SB can be attacked by the question 4<<B? (in a material metadialog),
and the defense a! consists of a deduction of the figure A< B in the
calculus of the object language.

As in the object language (Stachow, 1976) we are only interested in
finite dialogs. This restriction is performed by a third argument rule:

A;(3)a) P isallowed to attack the same proposition of O at most n times.
b) O is allowed to attack propositions of P at most once. O has to
decide if he is going to defend against an attack by P or if he is
going to attack. In case he defends he no longer has the right to
attack; in case he attacks the respective defense is no longer

possible.

By the rules 4,(1), 4,(2), 4;(3), and the frame rules the material
metadialog with bound n is established. To characterize the availability of

TABLE 1
. Possibilities Possibilities
A1) Connectives of attack of defense
T ?
a) ANE ;é ’;
b) AV B ? Aor B
c) A=B A B
d) A4 A
€) NxA(x) n A(n)
f) V< A(x) ? A(n)
TABLE 2
Elementary Possibility Possibility
4,(2) metaproposition of attack of defense

G(=A<sB) a? al
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O’s proposition an index (i) is assigned to them. According to rule 4 £(3)
each proposition obtains the availability »n after it has been stated by O. If
a proposition is attacked by P the availability reduces by one. As usual
(Stachow, 1976) we define a metaproposition A to be (materially) true iff P
has a strategy of success within a (material) dialog about A4.

There are compound metapropositions that can be defended success-
fully in a material dialog irrespective of the elementary metapropositions
contained in it. These propositions are called formally true, the set of which
can be covered by the calculus of formal metalogic (Mittelstaedt, 1979). But
in this calculus it is not possible to use the knowledge of the object
language, viz., the true object propositions. For instance, the metaproposi-
tion V<A=V<A\/B cannot be deduced in the formal metalogic. On the
other hand we are not interested in the special form of the object
proposition 4 when we prove the truth of V<A=V<AV/B, so the
material dialog in which the opponent is obliged to defend V<4 by using
the special form of 4 is not useful (for our purpose). But if O is dispensed
with the defense of his elementary metapropositions—which of course can
be taken over by the proponent without being obliged to defend this
proposition—we must be careful. We have to exclude that O asserts
elementary metapropositions from which a contradiction, i.e., V:<SA, can
be deduced. These considerations lead to the following argument rules
establishing [together with the frame rules and 4,(1) of course] the semifor-
mal metadialog D,..

A (2)a) Elementary metapropositions of O are not attackable.

ba) Elementary metapropositions of P which previously were asserted
by O are not attackable.

bb) In a position of a metadialog in which P finally has asserted an
elementary metaproposition 4<<B (not yet asserted by O) O can
attack by asking 4SB?. Let £:={A4,<B;} be the set of all
elementary metapropositions previously asserted by O. The de-
fense against 4 SB? is a deduction 4, <B,,..., 4, <B, |g-A<B
in the calculus Q.4 of the object language.

In A;(3) we add: P is allowed to take over elementary metaproposi-
tions of O at most n times.

A 4) In a position of a metadialog in which O has asserted the elemen-
tary metapropositions 4, <B; (i=1,...,r) P is allowed to try to

deduce 4, < By;..., 4, < B, |5V < A. If he succeeds he has won the
metadialog.

In 4,(2)bb) and A4,(4) the syntactical completeness of Q4 (Stachow, 1978)
is used by which it is possible to add a figure 4 < B to the calculus instead
of adding all figures appearing in a deduction of 4 < B.
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3. THE SEMIFORMAL DIALOG FOR MODAL
METAPROPOSITIONS

We specialize some rules of the semiformal metadialog for those cases
in which a metadialog about modal metapropositions is performed.

Step 1. Every metadialog about a modal metaproposition begins as
shown in Table 3. P has a strategy of success for the modal metaproposi-
tion Aw.A%( W<A,;,V<B,) iff he has a strategy of success for AWy sA,,
V<B,) without referring to the special form of W,. So we can change the
dialog rules in such a way that P makes his arguments for any Wj,. In order
to do so we need a lemma, the simple proof of which will not be given here
(Mittelstaedt, 1979; Burghardt, 1979). (We will write again W instead of
W)

Lemma 3.1. “Theorem of Aristotle”:
(a) V<4,...,V<4,, W<A4,,,....W<A4
o Wo <B for all W

AV Ay, V<A, [5V <A A+ NA,—B

by V<A4,,..., V<A I—W<Bfor all w
s V<A1,...,V<A |—7V<B

(© W<A4,.....W<A, [g-W<Bforal W
AoV <At A Ad,—B.

4

Lemma 3.2.
(@ V<A, V<BlgZV<A~|gZANB<A
(b) W<A, W<B }—W<A for “all w
~lgzANBL
Using this lemma we get the following specialized form of the argument
rules 4,(2)bb) and A (4) [an exact reasoning for 47(4) can be found in
Burghardt, 1979]:

A7(2)bb) In a position of a metadialog in which P finally has asserted the
elementary metaproposition W-<B (not yet asserted by 0) O
can attack by asking WsB?. Let £ be the set of all elementary
metapropositions previously asserted by O. The defense against
W= B? is a deduction
a) V<A,...., V<A, lg7V<(4p /A - N4,—B)

if C={V<Ay,....VSA,, W<SApi15- W<A4,},

TABLE 3
o P

0. [ ] NwAl(W=<A,;,V<sB)
L. Wo AWy 4, VSB)




B) V<A,,...V<A, g V<B
if B={V's4,,...,V<A4,),
V) taV <(Apir N+ NA4,—B)
it B={W=d,,415.... WA}
be) If P has asserted V'<<B, O is allowed to attack by asking
V< B?. The defense against this attack is a deduction of V< B

n Q..

A’4) In a position of a metadialog in which O has asserted the elemen-
tary metapropositions V<d,,..., V<A, W<A, 5. . WSA,, P
is allowed to try to deduce A A -« Ad,<A or
AN\ NA, <A in Q. If he succeeds he wins the metadia-
log.

In a modal metaproposition W represents a knowledge which shall not be
false. This leads to the following rule:

A™(5) The player who asserts WA loses the metadialog.

Step 2. In the material and in the semiformal metadialog the defense of
the elementary metaproposition 4:<B has to be performed outside of the
metadialog, viz., within the calculus Q.; of the object language. The
deduction of the respective figure 4 < B can be made by “reducing” 4 < B
to a beginning of Q.. 1.e., the proponent uses the rules of Q. in the
opposite direction. If a rule of Q.4 used by P has two premises O can
choose the one by which P has to continue. This procedure— let us call it a
material reduction—is of course equivalent to the usual deduction starting
with a beginning of the calculus. In order to translate this deduction into
the metalanguage we introduce a calculus K which looks like Q., but
instead of A< B in Q. we write V'<A—B. Transforming all the rules
0. (1.)-0.4(5.3) (Mittelstaedt, 1978, p. 96) in this way we get the
corresponding rules (K1.1)-(K5.3) on the level of the metalanguage. Of
course K is complete and sound with respect to Q 4, i.e.,

A <By,..., A, <BzA<B
~VS(A4,-B,),...,V<s(4,-B,) [gV=<(4-B)

Furthermore this last assertion is equivalent to the metaproposition V=S
(A; =B - AVS(A4,—B,)=VS(A—B). So it is possible by means of
K to replace the material reduction by a procedure only using metapropo-
sitions which we call “ formal reduction.”
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All steps necessary to defend a metaproposition can now be done on
the level of the metalanguage and our argument rules can be formulated as
follows:

A7:(2)bb) ... The defense against the attack W <B? consists in asserting
the new initial argument
a) VsSAN- - - NVSA,=VS(Ay,0 N\ - NA,—B)
if L={V<sA,,....VSA4, WS4y ,..., WSA,),
B) VSAN---AVSA,=VSE
if E={V<4,,....V<4,,),
¥) VS(An1 A Ad,—B)
if C=(W=<Ad,, 15, WSA,}
bc) In a position of a metadialog in which P finally has asserted
the elementary metaproposition VB (not yet asserted by O)
O can attack by asking ¥'<<B?. If V<B is a premise of a rule
of K, P can defend against V<B? by asserting a premise of
this rule. If there are two premises O can choose the one by
which P must continue the metadialog. If (K1.2) shall be used
P can choose a proposition B, and then O chooses one of the
premises,
¢) Pis allowed to defend by bc) at most » times running.

A7:(4) In a position of a metadialog in which O has asserted the elemen-
tary metapropositions VSAy,..., V<A, WSA,4415--- . WSA,, P
is allowed to continue by asserting the new initial argument
VS(A N N, =Ny ot VS(A4,,0 /A N4,—A).

The rule A7;(2)c) has been added for we are interested only in finite
dialogs. This rule is taken into consideration by providing the arguments of
P with an availability index (n). If O attacks an elementary metaproposi-
tion VSB® (v€(1,...,n}) and P defends using the rule 47;(2)bc) then
the new argument of P gets the index (»— 1).

The argument rules 4,(1), 4(2)a)-ba), A7;(2)bb)-c), 4,(3), 47:(4),
A™(5) and the frame rules define the “semiformal dialog for modal
metapropositions with formal reduction” D] which covers a special domain
of the semiformal metadialog D,. As mentioned above we have the
following equivalence:

P has a strategy of success in D, for the modal metaproposition

7YWA"(W5A,.,V§B.) iff P has a strategy of success in DJ; for the

metaproposition A/ (WA, VSB,).

The dialog D;7 is our starting point for finding a calculus by which all true
modal metapropositions can be deduced. This will be done in the proceed-
ing sections.
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4. THE TABLEAUX CALCULUS OF MODAL QUANTUM
METALOGIC

4.1. The Tableaux Calculus ¢,(D;7). Stachow (1976) introduced the
formal representation of a dialog game and the concept of reduced positions
of a dialog. Tableaux represent certain reduced positions by means of the
bijective mapping

PN
7i(® |}f(l') - i@ ”;f(”)
al® T - 7@ T

where T denotes a system of metapropositions of O’s, (a) designates a
respective system of availabilities, and furthermore I' designates a potential
argument.

The rules (1.1), (2.1)-(2.4), (3.1)-(3.4), (5.1)~(5.2) of ¢,( D7) establish
the well-known intuitionistic tableaux calculus [cf. Lorenz, 1968; for the
rules 6.1-6.2 in Lorenz, 1968, we use the notation (5.1)-(5.2)], e.g.,

@1 a@[4] and F@|[B]= 7| ARxB™

The rules of the calculus H are covered by the corresponding tableaux
kl1.1)-(k5.3), e.g.,

(k1.1) = 7A@ V<s(4—4)®

Furthermore we have the following rules:

(25.1)  |VSAR - AVSA,=VS(4pa A A4, —-B)™
= F@
Vs4,®

V=4, ™
WSA m -(i-nl)

w=d4,”llw<sB™
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Al®

252) V=4, -AVSA, =V<SBM =
’ Vs4,™

V=<4, " IWsB®

(™

(253)  IVS(Apsi A~ Ad,>B)” =
w=A4,

W<d, ™| W<B™

(53.1)  VS(ANA N, >N = 5@
V=4,
V<4, ™ IT
(532  IWVS(Api A Ad,»A)" = 7@
WSAm-(l—nl)
w=sd, " |r

(6) =3 ﬁ(“)

w<A™Ir

Theorem 4.1. Completeness and soundness of ¢,(DJ}) with respect to

the dialog game. The metaproposition 4/(W<A,, V<B)=:4 is

true in the metadialog D7 with bound # iff there is a v€{1,..., n}
so that the tableau || A can be deduced in ¢,(D}}).

Proof. For the completeness proof (which is performed by means of
and induction) we show that every tableau corresponding to a reduced



852 Burghardt

position of success is deducible in ¢,( D;7). We have the following possibili-
ties:

(1) A position of success is a final position of success, i.e., one of the
following positions:

@D j@ Because of the rule A7;(2)ba) O is not allowed to attack
G» | m and therefore O has no subsequent move. The respective
tableau is the deducible beginning (1.1) in ¢,(D/}).

O loses the dialog because of the rule A™(5). The

il —(a
@) a® respective tableau is the deducible beginning (6) in
WsA [ T o(D]).

P asserts an elementary metapropo-
(i) 7@ | pd—s4® sition which cannot be attacked by
) . O because of the rule 47;(2)bd). The
: : respective tableaux are the deduc-
(ix) 7 [ VS(A/\"IA—)A)(P) ible beginnings within the rules(k1.1)

ve{l,...,n} ~(5.3).

(2) A position of success is a member of the move class of P, i.e.,

o
V<d4,™

ved @ | = E® 1T

Ws4,,0

ws4,™ | T

Then at least one of the subsequent positions must be a position of success.
(2.1) In case P defends one has to distinguish the following cases:

i g® [Z] The successors are | V<(AIA- - Ndm—A)D,
“Tvs(d, A A4, —>A)P, and E® T4,
One of these must be a position of success. The
respective tableaux are the premises of the rules (5.1)
and (5.3). By assumption (within our induction) the
tableau related to the position of success is deducible
in ¢,(DJ}), and so is the conclusion of the respective
rule, viz., £ ||[ 4], deducible too.
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(i) G o) [ 4, §] The successors are £ | 4,
| VSN AN,

I VS(Apei A Ad,—A)?, and B® | B,

By the same arguments as above one gets the de-

ducibility of £®|[4, B] using the rules (5.2) and
(5.3).

(ii) £ [ ] The only successors are
| V(A4 A A4, —>A)? and
| V(A1 A - A4, —A)". Using the rules
(5.3) one gets the deducibility of the tableau
"

(2.2) In case P attacks cf. Lorenz (1968).
(3) A position of success is a member of the move class of O, i.e.,

S
V4,

V<A, ® — F® 1w

WA, "

~Im+1

W<4 (| cm
~“p

which is not a final position. Then all subsequent positions must be
positions of success. o _

(3.1) C is a compound metaproposition A7\B AVB, A=B,3 4, or the
elementary metaproposition W<B which does not occur in the left column
£, The successors corresponding to deducible tableaux (by assumption
within our induction) are positions the tableaux of which are the premises
of the rules (2.1)-(2.5). Using one of these rules one gets the tableau
Q(B)HE('I)_

(3.2) C is the elementary metaproposition ¥'<SB. Then V< B must be
deducible in Q. and it is not a beginning (otherwise the position
8® [ &™ would be a final position). Because of the dialog rule 47(2)bc)
the successors are the positions corresponding to the premises of the rules
(k2.1), etc. These tableaux are deducible by assumption (for they are
related to positions of success), and so is the conclusion £®||V<<B™ of
the respective rule deducible too.
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For the soundness proof we show that every tableau deducible in
$,( D7) corresponds to a position of success in the dialog game:

(1) All the beginnings in ¢,(D,7) correspond to positions of success.

(2) Ad rules (2.1)-(2.4), (3.1)— (3 4), and (5.1)-(5.2) cf. Lorenz (1968).

In the following I use the words premise—position and conclusion—
position for a position corresponding to a premise or to a conclusion,
respectively, in a rule. Using this definition we have to show that all
conclusion—positions are positions of success.

(3) Ad rules (2.5.1)—(2.5.3): If WSB occurs in the left column of the
conclusion—position this position is a final position of success. Otherwise
the premise—position is the only possible successor. By assumption the
premise—positions are positions of success. Therefore all successors of the
conclusion—position are positions of success, and the conclusion—position
must be a position of success too.

(4) Ad rule (5.3): The respective conclusion—position is a member of
the move class of P. In order to be a position of success at least one
successor must be a position of success. The respective premise— positions
are indeed successors and therefore positions of success by assumption.

(5) Ad rules (k2.1), etc.: Let us consider a certain rule; the conclu-
sion—position i | <D™ shall not be a final position (therefore »+ ).
Hence the successors are the premise—positions of certain rules of (k2.1),
etc. These positions are positions of success by assumption in our induc-
tion, and therefore the conclusion-position must be a position of success
too. |

4.2. The Effective Tableaux Calculus ¢.;(D.7). In order to catch all
modal metapropositions which are true in the semiformal dialog D}
irrespective of a special bound we have to take the union of all dialogs
with bound n=1,2,... and, respectively, the union of all tableaux calculi
¢,(D;7). The result is the effective tableau calculus ¢o (D7) which looks
like ¢,( D,7) except that availability indices appear not any longer.

Theorem 4.2. Completeness and soundness of o (D7) with respect
to U o 19,(Dg7). A tableau |4 can be deduced in the calculus
& (D7) iff there are an nEN and a v&{1,..., n} so that the
tableau || A can be deduced in ¢,(D/}).

The simple proof is analogous to the one in Lorenz (1968).

5. THE PROPOSITIONAL CALCULUS OF MODAL
QUANTUM METALOGIC

5.1. The Calculus Meﬂ The figures A< B of the calculus M, corre-
spond to metaimplications 4= B. The rules of this calculus can be handled
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easier than those of a tableaux calculus; therefore the modal metaproposi—
tions which are true with respect to the semiformal dialog D f can be
deduced in a (relative) very simple way. The figures deducible in M,y are
expressions of the form ASB at which 4 and B are metapropositions
A/(WA;, VS B;) with object propositions 4, and B;, the constant ¥V of the
object language (Mittelstaedt, 1979, p. 89), and a variable W for an object
proposition. Furthermore 4 and B maybe are the metaverum Y (or the
metafalsum 1) defined by: A<Y (or K<A, respectively) for all
metapropositions 4.

The rules of M,aff including the beginnings consist of expressions 4 A<B
at which 4 and B either are variables for a metaproposition AW<AVS
B;) with fixed propositions 4, and B; or have the form A (W=A,, V<B;)
with variables 4;, B; for proposmons of the object language. In any case,
performing a deduction in M, the place of the variable W is not occupied
by a fixed proposition. Remember that we are interested only in modal
metapropositions which are true for al/l W'!

The rules (1.1)-(5.2) of Meﬁ are the well-known intuitionistic logic
(Stachow, 1978), e.g.,

(IL)=> AZA
(1.2) ASB and BZC=A=C
The calculus K is reflected within M, by the rules (M1.1)—(M5.3), e.g.,
ML= VIV<(4-4)
M1.2) YSVs(4—B) and YEVS(B—C) = VIVS(4-0)
Furthermore we have the rules
MO.)=» W=<ASRA
MO0.3)= W<(A->B)SW<A=>WSB
MO.5S)=> WSAKW<SBIW=<(AAB)
MO.1)= V<ASW<A
(MO.13)= V<(4—>B)SV<A=V<B
MO.15)= V<AARV<SBSVS(ANB)
Lemma 5.1. The following rules are deducible in Mg
(R) Be VYSA=B
4.2) A

O &
IA A

A=B = ANCSB
(M0.7) YEW<(A—B) = V< (W<A=W<B)
(M0.17) YEV<(A->B) = VS (V<A=V<B)
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Proof.
ad R): “=” ASB = AXVSB (L1), 2.1),(1.2)
=+VS4A=B (4.2
“” VSA=B = ARNY<B (42) 6))
A S ¥ (definition of V) =» ASAAY  (1.1), (2.3) )

(1), 2, (12) = ASB

ad (4.2): premiseANC<A=B (2.2), (1.2)
=SANCSANA=B) (1.1), (2.3),(1.2)
=ANCSB (4.1),(1.2)

ad (M0.7): Use (M0.3) and (1.2).

ad (M0.17): Use (M0.13) and (1.2). |

Theorem 5.1. Completeness and soundness of M, M, ¢ With respect fo
bt (Dg7)- A tableau || A can be deduced in ¢ (D7) iff the figure
V<4 can be deduced in Mg

Proof. For the completeness proof we consider the following mapping;:

gs: {tableaux of ¢y (D/r)} —(figures of M, }

a4 - it 4
il ] O 4
A4 - V< 4
|4, B] - i< AVB
a4 I

We have to prove that all the rules of ¢.;(D,7) transformed by means of g,
are deducible in M

(1) ad (1.1)—(5.2.2): cf. Stachow (1978).
(2) ad (2.5.1): Proposition: The rule

VEVSAR- - AVSA,=VS(A,, A\ - N4, —>B)
= INVSA N NVSA, AW SA,, K- AWSA, SWSB

is deducible in M.
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Proof.

(MO.5): WA, o N AWSA, SWS(A,0 /N N,) (1)

(22): IRVSAR-- V<A, SVSATK--- "V<A,, )

by (1), 2), 2.1), 2.2), (1.2):
AVSAN - NVSAANWSA, K AWSA,
SVSAN NS4 WS (A N N4,) €)
premise = V<A - - AVSA, SVS(A, /N - N4,—B) (R)
= VSAR - NVSA, SWS(Aye A NA,—>B)(MO.11),(1.2)
=S VSAN- - AVSA, SWS(Ay A NA,)=WSB) (MO.3)

= VSAR - NVSA,AWS(Apai A+ NA,)SWSB (4.2) ()
=p proposition [by (3), (4), (1.2)] O

ad (2.5.2): Proposition: The rule
VEV<A R AV<A, = V<B=sSIRVSA N "NV<SA,SW<B

is deducible in M,g.

Proof.

premise = V<A, N~ -AV<A,, SVSB (R)
= INVSA K- NV<SA4, SVSB 2.2),(1.2)

= IANVSA K- - ~"V<A, SW<SB (MO0.11), (1.2) 0O
ad (2.5.3): Proposition: The rule
VEVS(Api A - NA,—B) = TIAWSA,, N "WSA,SWSB

is deducible in M.



Proof.

premise = VS WS(A,, A\ - N4,—>B)  (MO.11), (1.2)
SVEWS(Apii A A4L)SWSB  (MO.7)
= WS(Api N\ N4)SEWSB . (R)
= WAy K- NWSA,SW<B  (M0.5),(1.2)

=p proposition [by (2.2), (1.2)] O
(4) ad (5.3.1): Proposition: The rule

VYEVS(A A Ad— ) = TRVSA K- AV<SA, SC

is deducible in M., with any metaproposition C.
Proof.

premise = VI V<S(A, N\ - N4,,)=>V<SA (MO.17)
VSN N)SVSA (R)
= V(AN N4, SW<A (MO0.11), (1.2)
= VS(4i A\ N4,)SK (MO.1),(1.2)
= V<(A, A\ N4,)SC  definition of &, (1.2) %))
(22): AIAVSARN-- - AVSA, SVSAK---RAVSA,
= IAVSA K AVSA, SVS(A, N+ N4,,) (MO.15), (1.2)
=> proposition [by (1), (1.2)] |
ad (5.3.2): Proposition: The rule

VEVS(Api A A4, =) = IAWSA,, (- AWSA, £C

is deducible in M, with any metaproposition C.
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Proof.
premise = VS WS(Apey A A4,—A)  (MO.11),(1.2)

2> VEWS(A, 0 A\ N4,)=W<SA (MOT)

= WS(Ap A  AL)EWSA (R)

= WS(A, 0 A\  N4)SER (MO, (1.2)

= W<(Api N\ A4,)SC definition of 7, (1.2) t))

(2.2): AAWSAp N AWSA, SWSAo A - AWSA,

= TAWSA i TN WS A, SWS(Apari A - A4,)(MO.5), (1.2)
=p proposition [by (1), (1.2)] O

(5) ad (6): Proposition: For any metaproposition C the figure AW
ASC is deducible in M.

Proof.
(MO.1): W<ASK
= IAW<ASKE  (22),(1.1) (1)
definition of A: ASC Q)
By (1), (2), and (1.2) we get the proposition. O

"(6) ad (k1.1), etc.: The rules transformed by g, are rules in Meﬂ, so
they are deducible.

For the soundness proof consider the mapping

g4: {figures of Meﬂ} - {tableaux of ¢ (D7)}
A<E - A|[B]
ALY N A||C=>C

|
IA
S
)
e
| ——

at which C is any metaproposition.
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We have to show that the rules of M, transformed by g, are
deducible in ¢ (D).

(1) ad (1.1)—(5.2): cf. Stachow (1978).

(2) ad (MO.1): WAl ] is deducible in ¢ (Dy7) for it is a begin-
ning [(6) with empty a].

(3) ad (M0.3): Proposition: W<(A—B)|[[W<sA=W<B]is deducible
in ¢ (D).

Proof.

(1.7): |V<[(A—>B)AAl-B
= WS(A—aB)H 2.5.3)

w<A w<A
= Ws(Aﬁ;B)H 5.1

W<A [W<B]

= W<(A—-B) |WSA=W<B  (2.3)
=b proposition [ by (5.1)] (|

(4) ad (MO.5): Proposition: W<SARKWSB||[W<AAB]is deducible in
best (Ds7)-

Proof.
(1.2):  |V<(AAB—AAB)
(A= W<AKW<B)
= I
w=<4 2.5)
w<BllWw<anB
= I
W<4 (.1)
w<Bllw<anB)
= WA (Arguments within
W<ARW<B a column can be
W<B [W<ANAB] exchanged.)
<
= WA i (3.1.2)
W<AAW<B|[[W<ANB]
=> W<ARW<B “
W4 [W<ANB]
= W<AAW<BIIWSARB]  (3.1.) O
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(5) ad (MO.11): Proposition: VSA|[[WA] is deducible in ¢o (D7)

Proof.
(1.1): V=sAd|V=sA
= VsS4 6.1
= |[V<A=sV <A 2.3)
= V<SA|WsA4 252
= VsAliwsAl (5.1

O

(6) ad (MO0.13): Proposition: V<(4A—B)||[V<A=V<B]is deducible

in ¢ (Dg7).
Proof.
(1.1): Vs(A-»B)H - Vs(A—>B)H
V<A V<A V<(V—A)
(1.1): VS(A_)B)H
V<A V<(A—B)
(1), (2)=> Vs(A—B) H k1.2)
V<A V<(V—B)
= V,S(A—>B)“V<B
V<A ~

etc. like in (3).

{1

@

O

(7) ad (MO0.15): Proposition: VSARVSB||[VS(ANB)] is deducible

n e (D f)

Proof.

(1.1): V=<4 H
v=gllr<a and V<B V<B

= V<A and ”
VSBIVS(V—A) V<B V<(V—B)
V<BllV<(V—ANB)

= V<4
v<Bllv<(4nB)

etc. like in (4).
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(8) ad (M1.1): Proposition: |[V'<5(4—A) is deducible in ¢, (D.7).

Proof. ||V<5(A—A) is a beginning of ¢ i (D}), viz., (k1.1) with empty

]

ad (M1.2): Proposition: The rule ||[V:S5(A—B) and ||[V<S(B—-C)
= ||VS(4—C) is deducible in ¢ (D).

=l

Proof. This is a rule in ¢ (D7), viz., (k1.2) with empty J1. |
ad (M2.1)-(M5.3): like above with (k2.1), etc. n

5.2. The Calculus M ;(Q ). In order to get a modal calculus in the
usual notation (Hughes, 1968) we introduce the symbol “A” instead of
“W<5” by which we want to emphasize that the respective figure is true for
any W; the truth does not depend on a special W,. Also “V'<5” is replaced
by the symbol “+ as an abbreviation for “}&” with the calculus K of the
object language. (Remember that “V'<5A” was introduced as an abbrevia-

tion for |5—)

The calculus M (Q) reads as follows:
(1.1)-(5.2) are the same rules like those in Meﬁ
(MO0.1) = AASRK
(MO0.3) = A(A—>B)SAA=AB
(MO0.5) => AARABZA(ANB)

(MO.11) = FASAA4
(M0.13) = H(A—>B)= tA=tB
(MO.15) =» FANFBS H(AAB)

Furthermore we have again the beginnings and rules reflecting the
calculus % or the object language, respectively, e.g.

(ML1) = Y= H(A4—4)
M1.2) YS+H(A—>B) and YSHB—-C)=> Y HA-C)
Theorem 5.2. Completeness and soundness of M (Qes) with respect

to M. The figure VA (W<A, VB, ) can be deduced in M
iff the figure VS 4/(AA,,}B; 3,) can be deduced in M g (Qer)-
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Proof. Because W is a variable the place of which cannot be occupied
by a fixed object proposition (as mentioned above) the following mapping
g5 is bijective:

gs: {figures of Meﬁ} - {figures of M ;(Qu)}
A/(W=<A,,V<B) —  A/(AA,}B)

Therefore the completeness- and soundness proof is trivial. [ ]

Theorem 5.3. (a) The following figures and rules can be deduced
in Meff(Qeff):

(R) \'%
M02) Y
(M0.4) AAVABSA(A\/B)
(M0.5) A(AAB)SAARAB
MO0.6) A(~A)S3TAA4
(M0.7) Y SA(A4—>B)=»> VSAA=AR
(M0.8) YSAAVAB = YSA(AV/B)
(M0.9) VSAARAB ¢ YVSA(ANAB)
(MO0.10) VSA(-A4) = V<3A4
(MO.11) YS+4A = VSAA
(M0.12) YS+HYV
(b) The following rules are admissible in M (Q.¢):
(Z1) YSEAA=>VEtd
(Z2) YS(AA=AB) = VEA(4->B)
(A) Y= (AARAB=AC) ¢ Y HANB—C)

(A) is the formulation of the “theorem of Aristotle” within the
metalogical calculus M (Q,: ). A proof of the above assertions will not be
given here. Burghardt (1979).

The first part of the calculus M (Q.;) consists of the rules (1.1)-(5.2)
that establish the intuitionistic calculus of formal metalogic already men-
tioned by Mittelstaedt (1979). Within this calculus all metapropositions
can be deduced which are true without reference to the object language,
e.g., AANAFBSAAVAC. Tt is obvious that the formal metalogic is in-
variant if one changes the object language. Another part of M ;(Qu:)
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covers the rules (M1.1)-(M5.3) reflecting the object language. By means of
this part a deduction of a figure in the calculus of the object language can
be performed on the level of the metalanguage. If we change the object
language, of course, the respective rules of (M1.1)-(M35.3) will be changed
in the same way too. For example, taking the intuitionistic logic L. as
representing our object language the rules (M4.2)-(M4.4) are to be re-
placed by

(M4.2*) YSHAAB—-C)= VS HB—(4-C))
and instead of (M5.2)-(MS5.3) we have

(M5.2%) VEHAAB—A) = VS FH(B——A4)

Using QY instead of Q. as the object language the factual beginnings
would be taken into account by the new beginnings V= H(4,—B,) in
Meff (Qc(:{f))

The third part of M ;(Q.) is called the modal part and contains the
remaining rules (M0.1), (M0.3), (M0.5), (MO0.11), (MO0.13), and (MO.15),
which establish the connection between the part representing the object
language and the formal metalogic. Only by means of the modal part is it
possible to use the knowledge of the object language in the deduction of a
(nonelementary) metaproposition. Using the deduced rule (M0.11) and the
definition of A the first rule of the modal part, viz., (MO0.1), yields the
logical equivalence of the “metafalsum” A and the “object falsum” A.
Analogously the equivalence of the “metaverum” V and the “objectverum”
V is established by (M0.2) and (MO0.12).

Finally let us prove an interesting result concerning the variation of
the modal part if the object language is changed. We will concentrate on
the calculi K (representing the object language) founded by a dialogic
semantics: Q. (effective quantum logic), @ [full quantum logic
(Mittelstaedt, 1978)}, L. (intuitionistic logic), L (classical logic), and the
respective extensions O, 0, LY, LY including the factual beginnings.
The mutual relations of these calculi form a Boolean lattice, as shown in
Figure 1. The lattice relation K, < K,, e.8., Q.4 < L., means that every
figure deducible in K| is also deducible in K.

Theorem 5.4. Invariance of the modal part of M (Q ;). For every
calculus K of the above-mentioned calculi with a dialogic founda-
tion the modal part of the respective metalogical calculus M, (K)
is the same as the one in M (Q.x).

Proof. First it is necessary to clarify one special aspect. Of course if we
change the object language we would be able to change in an appropriate
manner only that part of M (Q,) reflecting the object language and to



Modal Quantum Logic and Its Dialogic Foundation 865

e,
@
Q@ Lett
Q Logs
Reps
Fig. 1

say, “Well, this is our new metalogic.” Doing so we would construct the
metacalculus M, (K) ad hoc. But this is not the way to get a logical
calculus we are interested in! We are interested in calculi with a dialogic
semantics, and therefore we have to ask, “If we consider a calculus X
representing the object language what changes have to be made within the
rules of the metadialog and what conclusions these changes yield with
respect to the calculus M, (K)?”

(i) Changes of the rules of D,: The frame rules and the argument rules
A;(1) and A;(3) are independent of the fact that we consider a meta-
language. 4,(2) depends on the object language only as far as in part bb)
the deductions are performed in Q.. Using another calculus X instead of
Q. the rule A (2) is preserved except that the deductions have to be made
by means of K. Of course we assume that "< A is not deducible in K.
Therefore the rule 4 (4) is preserved too except that again the deductions
must be performed by means of K.

(i) Changes of the rules of D;7: A™(5) was founded outside of the
dialog, and therefore this rule is preserved if we change the object lan-
guage. For the transition from 4,(2) to 47;(2) we needed the “generalized
theorem of Aristotle,” the proof of which only uses rules of Q. corre-
sponding to lattice properties (cf. Mittelstaedt, 1978). These rules also
appear in the calculi K mentioned above, and the generalized theorem of
Aristotle can be proved for these calculi. The transition from A4(4) to

5r(4) needed a lemma proved by using the completeness and soundness
of Q. with respect to a dialogic semantics. But the calculi K mentioned
above have such a dialogic semantics too and a respective lemma can be
proved.
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So we have the following result: If we change the object language the
rules of D,7 are modified only as far as one has to change ¥, respectively.

(iii) Changes in the proofs of the Theorems 4.1, 4.2, 5.1, and 5.2: In
the completeness- and soundness proof of the tableaux calculus the calcu-
lus K (or ¥, respectively) of the object language only has been used for
establishing the tableaux rules (1.2)-(1.10) and (4.0)-(4.9) which reflect K
equivalently. Concerning M., we must distinguish completeness and
soundness: .

(a) In order to get a calculus M, complete with respect to ¢ (Dy7)
and with respect to K (instead of Q) it is not necessary to change the
modal part of M. For we need the object language only for establishing
the rules (1.1)-(M3.3). .

(8) In the soundness proof of the modal part of M, only some rules
of the tableaux calculus were needed which reflect the transitivity, the
supremum property, and the properties of V' which are also valid within
the above mentioned calculi K. Of course the transition from M to
M, (Q.5) or M (K) is only a formal one and is therefore independent of
the object language.
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